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Why sparsity?
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Notion of sparse representation

• Audio : time-frequency representations (MP3)

• Images : wavelet transform  (JPEG2000)
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Audio signal Its time-frequency 
representation (MDCT)
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Why sparsity?
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Evidence of sparsity

• Histogram of MDCT coefficients of a musical sound

•

7

Histogram of MDCT coefficients

Most of the coefficients are 0 = Sparsity
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sparsity on images
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Wavelet Domain Denoising

Original f Noisy F Smoothed F � h�

Coe�cients �f, �m⇥ Thresholded coe�cients Denoised f̄

(f)
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Figure 6: Denoising with a thresholding in a wavelet basis.

necessary to adapt the geometry of the finite elements, using for instance an anisotropic
adaptive triangulation.

Given a triangulation of [0, 1]2 with M triangles, one can define an approximation f̃M

of f which is the best piecewise linear approximation on this triangulation. The goal of
an adaptive triangulation is to optimize the shape of the triangles in order to minimize
the approximation error ||f � f̃M ||. Near a discontinuity, the triangle should be thin and
stretched along the singularity curve, as displayed on figure 10. The lengths of the triangles
should be of order M�1 and their widths should be of order M�2. If f is C2 outside a set
of C2 contours, then one has for such an adapted triangulation

||f � f̃M ||2 = O(M�2). (5)

This construction can be generalized by replacing triangles by higher order geometric prim-
itives whose boundaries are polynomial curves of degree �, as shown on the right side of
figure 10. The adapted approximation using polynomials defined on M such higher order
primitives leads to an approximation error ||f � f̃M ||2 = O(M��) for a function f that is
C� outside a set of C� contours.

Adaptive triangulations have proven very useful in numerical analysis where shocks
or boundary layers require anisotropic refinement, see for instance the work of Aguilar
and Goodman [?]. However, it exists currently no algorithm that can guaranty such an
approximation result as (5) for functions as complex as images [?]. Indeed, the connectivity
and shape of the triangulation should adapt itself to the local regularity of the image. When
an image is smoothed by an unknown kernel of width s, the triangulation should depend
on s in order to get the result of equation (5), as shown on figure 11. To reach an error
decay of O(M�2), in the neighborhood of a contour smoothed by a kernel of width s, the
triangle should have a length of order s1/4M�1/2 and a width of order s3/4M�1/2. The
scale s is most of the time unknown and one thus need an automatic algorithm to devise
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sparsity on neuroscience signals

6

Example of MEG data

STFT



Use sparsity for 
statistical inference

Take home message: 
All signals are sparse…

… when observed with the right 
representation / dictionary
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Sparse linear model
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Sparse linear model

Let y P Rn be a signal, e.g., an
image

Let X “ rx
1

, . . . , x

p

s P Rnˆp be a
collection of (normalized) atoms:
corresponds to a dictionary

X well suited if one can
approximate the signal y « X—
with a sparse vector — P Rp

¨
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‚

loomoon
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«
¨

˝

x

1

. . . x

p

˛

‚

loooooooooomoooooooooon

XPRnˆp

¨

¨

˚

˝

—
1

...
—

p

˛

‹

‚

loomoon

—PRp
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Let’s start with the Lasso
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Objective of this work: speed-up Lasso solvers

ˆ—p⁄q
P arg min

—PRp

ˆ

1

2

}y ´ X—}

2

2

loooooomoooooon

data fitting term

` ⁄}—}

1

loomoon

sparsity-inducing penalty

˙

§ Compute ˆ—p⁄q for many ⁄’s: e.g., T values from
⁄

max

:“ }X

J
y}8 to ‘⁄

max

on log-scale (T “ 100, ‘ “ 0.001)
§ Flexible: provide a way that can beneficiate to most solvers

(though mainly focused on Coordinate Descent)
§ Easy to code
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Denoising case
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The denoising case
Suppose the design is simple: n “ p and X “ Id

n

, meaning the
atoms are canonical elements: xj “ p0, ¨ ¨ ¨ , 0, 1

Ò
j

, 0, ¨ ¨ ¨ , 1q

J

ˆ—p⁄q
P arg min

—PRp

ˆ

1

2

}y ´ —}

2

` ⁄}—}

1

˙

ˆ—p⁄q
“ arg min

—PRp

ˆ

1

2

}y ´ —}

2

` ⁄}—}

1

˙

(strictly convex)

ˆ—p⁄q
j “ arg min

—
j

PR

ˆ

1

2

pyi ´ —jq
2

` ⁄|—j |

˙

, @j P rns (separable)

This reduces to a 1D problem.
Rem: The solution is called the proximal operator of ⁄} ¨ }

1
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Soft Thresholding
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Soft-Thresholding
The 1D problem has a closed form solution: Soft-Thresholding:

STp⁄, yq “ arg min

—PR

ˆ

1

2

py ´ —q

2

` ⁄|—|

˙

“ signpyq ¨ p|y| ´ ⁄q`

with the notation p¨q` “ maxp0, ¨q

Proof: easy with sub-gradients and Fermat condition
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Soft Thresholding
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The Lasso: algorithmic point of view

Possible algorithms for solving this convex program:
§ Homotopy method / LARS : very e�cient for small p Osborne

et al. (2000), Efron et al. (2004) and full path
§ Forward - Backward / proximal algorithm: useful in

signal/image for case where r Ñ x

J
j r is cheap to compute

(e.g., with FFT, Fast Wavelet Transform, etc.) Beck and
Teboulle (2009)

§ Coordinate Descent: very useful for large p and potentially
sparse matrix X (e.g., from text encoding) Friedman et
al. (2007)

Also better for badly 
conditioned problems



Dual problem
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Dual problem

Primal function : P⁄p—q “

1

2

}y ´ X—}

2

` ⁄}—}

1

Dual feasible set : �X “

 

◊ P Rn
: |x

J
j ◊| § 1, @j P rps

(

Dual solution : ˆ◊p⁄q
“ arg max

◊P�

X

ÄRn

1

2

ÎyÎ2

´

⁄2

2

....◊ ´

y

⁄

....
2

looooooooooooomooooooooooooon

“D⁄p◊q

Rem: The dual feasible set is a polytope

�X “

p
£

j“1

 

◊ P Rn
: |x

J
j ◊| § 1

(

“

 

◊ P Rn
: }X

J◊}8 § 1

(

Rem: the dual formulation is obtained using an additional variable
z “ py ´ X—q{⁄ and considering the Lagrangian, cf. Kim et
al. (2007)



Geometric interpretation
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Geometric interpretation
The dual optimal solution is the projection of y{⁄ over the dual
feasible set �X “

 

◊ P Rn
: }X

J◊}8 § 1

(

:

ˆ◊p⁄q
“ �

�

X

py{⁄q



Duality gap properties
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Duality Gap properties

§ Primal objective: P⁄, Primal solution: ˆ—p⁄q
P Rp

§ Dual objective: D⁄, Primal solution: ˆ◊p⁄q
P �X Ä Rn ,

Duality gap: for any — P Rp and any ◊ P �X ,

G⁄p—, ◊q “P⁄p—q ´ D⁄p◊q

“

1

2

ÎX— ´ yÎ2

` ⁄ Î—Î
1

´ p

1

2

ÎyÎ2

´

⁄2

2

....◊ ´

y

⁄

....
2

q

Rem: For all — P Rp, ◊ P �X ,

D⁄p◊q § D⁄p

ˆ◊p⁄q
q “ P⁄p

ˆ—p⁄q
q § P⁄p—q (Strong duality)

Consequences:
§

G⁄p—, ◊q • 0

§
G⁄p—, ◊q § ‘ ùñ P⁄p—q ´ P⁄p

ˆ—p⁄q
q § ‘ (stopping criterion!)
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KKT Optimality conditions
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KKT: Karush-Khun-Tucker (KKT) conditions

§ Primal solution : ˆ—p⁄q
P Rp

§ Dual solution : ˆ◊p⁄q
P �X Ä Rn

Primal/Dual link: y “ X

ˆ—p⁄q
` ⁄ˆ◊p⁄q

Necessary and su�cient optimality conditions:

KKT/Fermat: @j P rps, x

J
j ˆ◊p⁄q

P

#

tsignp

ˆ—p⁄q
j qu if ˆ—p⁄q

j ‰ 0,

r´1, 1s if ˆ—p⁄q
j “ 0.

Rem: the KKT implies that @⁄ • ⁄
max

“ }X

J
y}8, 0 P Rp is the

(unique here) primal solution for P⁄



Safe rules - safe regions
El Ghaoui et al. (2012)

Screening thanks to the KKT is possible:

If |x

J
j ˆ◊p⁄q

| † 1 then, ˆ—p⁄q
j “ 0

Beware: ˆ◊p⁄q is unknown, so one need to consider a safe region C
containing ˆ◊p⁄q, i.e., ˆ◊p⁄q

P C, leading to :

safe rule : If sup

◊PC
|x

J
j ◊| † 1 then ˆ—p⁄q

j “ 0 (‹)

The new goal is simple, find a region C:
§ as narrow as possible containing ˆ◊p⁄q

§ such that µC :

#

Rn
fiÑ R`

x Ñ sup◊PC |x

J◊|

is easy to compute

Safe rules [El Ghaoui et al. 2012]

17



Safe sphere rules
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Safe sphere rules
Let C “ Bpc, rq be a ball of center c P Rn and radius r ° 0. Then
simple computation provide:

µCpxq “ |x

J
c| ` r}x}

so the safe rule becomes

If |x

J
j c| ` r}xj} † 1 then ˆ—p⁄q

j “ 0 (1)

We say we screen-out the variables xj satisfying (1)

Active set : A

p⁄q
pCq “ tj P rps : µCpxjq • 1u

New objective:
§ find r as small as possible
§ find c as close to ˆ◊p⁄q as possible.



Creating safe sphere
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Creating safe sphere



Original sphere [El Ghaoui et al.]
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Original safe rule: El Ghaoui et al. (2012)



Original static rule [El Ghaoui et al.]
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Original static safe rule : El Ghaoui et
al. (2012)

Static safe region: before any optimization, for a fix ⁄.

C “ Bpc, rq “ Bpy{⁄, }y{⁄
max

´ y{⁄}q

If |x

J
j y| † ⁄p1 ´ }y{⁄

max

´ y{⁄}}xj}q then ˆ—p⁄q
j “ 0 (2)

Rem: This reinterprets screening methods for variable selection:
“If |x

J
j y| is small, remove xj” as a safe rule for the Lasso



Dynamic rule [Bonnefoy et al. 2014]
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Dynamic safe rule

Dynamic point of view: build ◊k P �X , evolving with the solver
iterations to get refined safe rules Bonnefoy et al. (2014, 2015)

Remind link at optimum: ⁄ˆ◊p⁄q
“ y ´ X

ˆ—p⁄q

Current residual for primal point —k : flk “ y ´ X—k

Dual candidate: choose ◊k proportional to the residual

◊k “–kflk ,

where –k “ min

”

max

ˆ

y

Jflk
⁄ ÎflkÎ2

,
´1

ÎX

JflkÎ8

˙

,
1

ÎX

JflkÎ8

ı

.

Motivation: projecting over the convex set �X X Spanpflkq is cheap



Limits of previous approaches

23

Limits of previous dynamic rules

The radius rk “ }◊k ´ y{⁄} does not converge to zero. The
limiting safe sphere is



Gap safe sphere
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GAP Safe sphere
For any — P Rp, ◊ P �X

G⁄p—, ◊q “

1

2

ÎX— ´ yÎ2

` ⁄ Î—Î
1

´

ˆ

1

2

ÎyÎ2

´

⁄2

2

....◊ ´

y

⁄

....
2

˙

Gap Safe ball: Bp◊, r⁄p—, ◊qq, where r⁄p—, ◊q “

a

2G⁄p—, ◊q{⁄2

Rem: If —k Ñ

ˆ—p⁄q and ◊k Ñ

ˆ◊p⁄q then G⁄p—k , ◊kq Ñ 0: a
converging solver leads to converging safe rule!



Gap safe sphere is safe !
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The GAP SAFE sphere is safe:

§
D⁄p

ˆ◊p⁄q
q § P⁄p—kq (weak Duality)

§
D⁄ is ⁄2-strongly concave so for any ◊

1

, ◊
2

P Rn ,

D⁄p◊
1

q § D⁄p◊
2

q ` xÒD⁄p◊
2

q, ◊
1

´ ◊
2

y ´

⁄2

2

Î◊
1

´ ◊
2

Î2

2

§ ˆ◊p⁄q maximizes D⁄ over �X , so

@◊ P �X , xÒD⁄p

ˆ◊p⁄q
q, ◊ ´

ˆ◊p⁄q
y § 0

To conclude, for a ◊ P �X :

⁄2

2

...◊ ´

ˆ◊p⁄q
...

2

2

§ D⁄p

ˆ◊p⁄q
q ´ D⁄p◊q ` xÒD⁄p

ˆ◊p⁄q
q, ◊ ´

ˆ◊p⁄q
y

§ P⁄p—kq ´ D⁄p◊q



Gap safe sphere is safe !
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Dynamic GAP safe sphere



Algorithm 1 Coordinate descent (Lasso)
Input: X , y, ‘, K , f , p⁄tqtPrT´1s

1: Initialization: ⁄
0

“ ⁄
max

, —⁄0
“ 0

2: for t P rT ´ 1s do ô Loop over ⁄’s
3: — – —⁄

t´1
ô previous ‘-solution

4: for k P rK s do
5: if k mod f “ 1 then
6: Construct ◊ P �X
7: if G⁄

t

p—, ◊q § ‘ then ô Stop if duality gap small
8: —⁄

t

– —
9: break

10: end if
11: end if
12: for j P rps do ô Soft-Threshold coordinates
13: —j – ST

`

⁄
t

Îx

j

Î2 , —j ´

x

J
j

pX—´yq
Îx

j

Î2
˘

14: end for
15: end for
16: end for



Algorithm 2 Coordinate descent (Lasso) with GAP Safe screening
Input: X , y, ‘, K , f , p⁄tqtPrT´1s

1: Initialization: ⁄
0

“ ⁄
max

, —⁄0
“ 0

2: for t P rT ´ 1s do ô Loop over ⁄’s
3: — – —⁄

t´1
ô previous ‘-solution

4: for k P rK s do
5: if k mod f “ 1 then
6: Construct ◊ P �X , A

⁄
t

pCq “ tj P rps : µCpxjq • 1u

7: if G⁄
t

p—, ◊q § ‘ then ô Stop if duality gap small
8: —⁄

t

– —
9: break

10: end if
11: end if
12: for j P A

⁄
t

pCq do ô Soft-Threshold coordinates
13: —j – ST

`

⁄
t

Îx

j

Î2 , —j ´

x

J
j

pX—´yq
Îx

j

Î2
˘

14: end for
15: end for
16: end for



Results



Lasso Results
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Gap safe rules: benefits?
§ it is a dynamic rule (by construction)
§ it is a sequential rule (without any more e�ort)
§ the safe region is converging toward t

ˆ◊p⁄q
u

§ it works better in practice

Figure : Proportion of active variables as a function of ⁄ and the number
of iterations K on the Leukemia dataset. Better strategies have longer
range of ⁄ with (red) small active sets (dense data: n “ 72, p “ 7129).

Figure: Proportion of active 
variables as a function of λ 

and the number of iterations 
K on Leukemia dataset. 

Better strategies have longer 
range of λ with (red) small 

active sets

[Fercoq O., Gramfort A. Salmon J., ICML 2015] 
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Lasso Results
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Time to reach convergence using various screening rules.
Full path with 100 values of λ on logarithmic grid from λmax to λmax/1000

[Fercoq O., Gramfort A. Salmon J., ICML 2015] 



Beyond Lasso:
multi-task and multi-class

models

Same sparsity pattern 
per task / class

[Ndiaye E., Fercoq O., Gramfort, A. Salmon J., NIPS 2015] 
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Joint feature selection

33

Time

Sp
ac

e `21

Time

Sp
ac

e `2

Time

Sp
ac

e `1

�(X) = kXk21 =
X

i

sX

t

|xi,t|2

[Argyriou et al., 2006, 2008; Obozinski et al., 2010] 

Fe
at

ur
e

Fe
at

ur
e

Fe
at

ur
e

Task / Class Task / Class Task / Class



multi-class / multi-task problem
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Multi-task / Multi-class problem

Primal : p

B

p⁄q
P arg min

BPRpˆq

n
ÿ

i“1

fipx
J
i Bq ` ⁄�pBq

loooooooooooomoooooooooooon

P⁄pBq

Dual feasible set : �X “

 

� P Rnˆq
: }x

J
j �}

2

§ 1, @j P rps

(

Dual: p

�

p⁄q
“ arg max

�P�X

´

n
ÿ

i“1

f

˚
i p´⁄�i,:q

looooooooomooooooooon

D⁄p�q

with:

�X “

p
£

j“1

 

� P Rnˆq
: |x

J
j �|

2

§ 1

(

“

 

� P Rnˆq
: }X

J
�}

28 § 1

(

Rem: Problem for Gap Safe rules: Compute e�ciently Gap and
dual feasible points
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Electro- & Magneto-encephalography

35

B

Neural
Current
(post synaptic)

Equivalent
Current
Dipole

dB/dz MEG recordings

First EEG 
recordings

in 1929
by H. Berger

Hôpital La Timone 
Marseille, France

E
Neural
Current
(post synaptic)

Equivalent
Current
Dipole

V EEG recordings
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102 CHAPTER 3. THE INVERSE PROBLEM WITH DISTRIBUTED SOURCE MODELS

inverse matrices cannot be explicitly computed. We need for each pair (�, µ) to run an itera-
tive solver, which can make the GCV and L-Curve methods particularly time consuming.

3.3 LEARNING BASED METHODS

In previous sections, the ⇥2 priors used in the penalization of the inverse problem are de-
fined a priori. Following the explanations in section 3.2.2.2, this means that the proposed
methods assume a predefined covariance matrix for the sources. In the following paragraphs,
we will present inverse solvers that aim at designing a prior based on the data. The source
covariance matrix, i.e., the weights in the ⇥2 penalization term, is “learned”. We will also say
that the model is learned from the data [193].

For simplicity, we will present the following method in the context of instant-by-instant
inverse computation.

The methods presented in this section use the Bayesian formulation of the inverse prob-
lem. We recall the Bayesian framework from section 3.2.2.2:

p(X|M) =
p(M|X)p(X)

p(M)
. (3.25)

where we assume Gaussian variables:

E ⇥ N (0,�E) (3.26)
X ⇥ N (0,�X) (3.27)

and an additive model:
M = GX + E . (3.28)

If �E and �X are known, X is obtained by maximizing the likelihood which leads to:

X⇥ = arg min
X

⇤M�GX⇤�E + ⇤X⇤�X , (3.29)

which leads to:
X⇥ = �XGT (G�XGT + �E)�1M .

In this framework the prior is an ⇥2 norm and learning the prior means learning �X, i.e., the
source covariance matrix. One may also want to learn the noise covariance matrix �E. Note
that in the WMN framework, learning �X consists in learning the weights.

In the case where �X and �E are not fixed a priori, these parameters define the model
commonly denoted M. Bayes’ rule can be rewritten:

p(X|M,M) =
p(M|X,M)p(X|M)

p(M|M)
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3.3 LEARNING BASED METHODS

In previous sections, the ⇥2 priors used in the penalization of the inverse problem are de-
fined a priori. Following the explanations in section 3.2.2.2, this means that the proposed
methods assume a predefined covariance matrix for the sources. In the following paragraphs,
we will present inverse solvers that aim at designing a prior based on the data. The source
covariance matrix, i.e., the weights in the ⇥2 penalization term, is “learned”. We will also say
that the model is learned from the data [193].

For simplicity, we will present the following method in the context of instant-by-instant
inverse computation.

The methods presented in this section use the Bayesian formulation of the inverse prob-
lem. We recall the Bayesian framework from section 3.2.2.2:

p(X|M) =
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where we assume Gaussian variables:
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and an additive model:
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If �E and �X are known, X is obtained by maximizing the likelihood which leads to:

X⇥ = arg min
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which leads to:
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commonly denoted M. Bayes’ rule can be rewritten:

p(X|M,M) =
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p(M|M) is called the model evidence.

Inverse problem: y = Xβ+E
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At each time instant the M/EEG inverse problem IS a 
regression with more variables than observations
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regression 
coefficientsp ≈ 10000 n ≈
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Inverse problem with time: Y = XB+E
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p ≈ 10000 n ≈
 100 
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(a) MEG data (Gradiometers only) (b) GX?

TF-MxNE

(explained data)

(c) X?

MxNE

(d) X?

TF-MxNE

(e) Source locations in bilateral auditory
cortices

Fig. 6. Results obtained with
TF-MxNE and MxNE for an auditory
stimulation (left hear stimulation)
with unfiltered combined MEG/EEG
data. Estimation was performed with
a loose orientation (parameter 0.2),
with a depth compensation of 0.9
on a set of 7498 cortical locations
(G 2 R364⇥22494). Estimation with
�
space

= 50% of �max

space

leads to 2
active brain locations in both auditory
cortices. TF-MxNE leads to smooth
time courses and zeros during baseline.

5.2.2 Visual data

The model parameters (loose orientation, depth bias, scalar weighting, �
time

and Gabor dictionary) used were the same as for the auditory condition. The
spatial regularization was however changed to �

space

= 30% of �max

space

. Results
are presented in Figure 7.

Figure 7-a presents the raw evoked response, restricted to the gradiometers.
Sources reconstructions lead to three dipoles. According the automatic par-
cellation of the cortex provided by FreeSurfer, two sources are localized in the
early visual cortex V1, while a third one is positioned on the dorsal part of

19

MEG Auditory data
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A1i
A1c

Auditory tones in left ear (305 MEG, 59 EEG channels, 50 epochs)

16ms Chronometry



Results on MEG
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Figure: Proportion of active variables as a function of λ and 
the number of iterations K on MEG dataset. Better 

strategies have longer range of λ with (red) small active sets
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Results on MEG
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Time to reach convergence using various screening rules.
Full path with 100 values of λ on logarithmic grid from λmax to λmax/1000
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