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Motivations

Propose a well-grounded mathematical framework to estimate and analyze
variability of geometric-functional data coming from medical imaging.

» Data: forany i = 1,---, N the observation Y7 is in a Hilbert space
H,

> Dgformations: 7" belongs to a group G acting on H (i.e
v Y e H).

> Model:

Yi=nf X +¢f

where X is an unknown mean template and v} € G are unknown
deformations and * is an error term in H.



1 An overview of functional shapes:

Functional shapes

Definition (functional shape, a.k.a. fshape)

A couple (X, f) where :
» X is a compact smooth surface of R3
» f: X — R a function on X, with f € L?(X), i.e :

/ P(@)dH () < oo
X

where H? is the d-dimensional Hausdorff (or volume) measure.
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1 An overview of functional shapes:

Metamorphosis : Geometrical-functional transformations
on fshape

» Geometrical deformations : Action of a diffeomorphism
¢ : R — R3 on a fshape (X, f)

¢' (Xaf) = (¢(X>,f0¢_1>

(i.e transport of the support X preserving the values of the signal.)
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1 An overview of functional shapes:

Metamorphosis : Geometrical-functional transformations
on fshape

» Geometrical deformations : Action of a diffeomorphism
¢ : R — R3 on a fshape (X, f)

¢' (Xaf) = (¢(X>7fo¢_1)

(i.e transport of the support X preserving the values of the signal.)

» Functional deformations : For a fshape (X, f) € F and
(¢.¢) € G x L*(X) :

(0,0 (X, f) = (6(X), (f + 097"

(i.e photometric variations of the signal f itself.)
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1 An overview of functional shapes:

Metamorphosis: an example
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1 An overview of functional shapes:

Atlas estimation for populations of fshapes
Consider a population of N fshapes (X, f%);—1  n.

o3

(X2, %)

»

g- (XY

(x‘*,f‘*)‘-.\_,,

“

Atlas:
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1 An overview of functional shapes:

Atlas estimation for populations of fshapes
Consider a population of N fshapes (X, f%);—1  n.

»

g- L (XN

Atlas:
» a template fshape (X, f) that captures the average features of the

population,
» N transformations (qﬁi,_gi)j:l,... N Mmapping the template to each
subject (i.e (¢',¢") - (X, f) =~ (X', f*)).
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2 Metamorphosis of fshapes:

Fshape bundle

Let G C Diff(R?) be a group of deformations. Let X be a fixed subman-
ifold of R? and X = G - X its orbit. We consider the space :

F={(X,f)| X€Xand feL*X)}
which is a vector bundle of fiber L?(X).
L*(Xo)
L*(X1)
fi
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2 Metamorphosis of fshapes: Generating Fshapes metamorphoses

Geometrical deformations : Large Deformation Diffeomorphic Metric Mapping
Deformation = flow of smooth vectors field.
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Deformation = flow of smooth vectors field.

> Flow : let v = vt tego ,1] € V be a time dependant vectors field of

R3. Let ¢ : S R3
‘bt(m) =ule@) 0,1] and z € R3
¢po(x) =2 ’

The space V should contain smooth vectors fields vanishing at
infinity.
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2 Metamorphosis of fshapes: Generating Fshapes metamorphoses

Geometrical deformations : Large Deformation Diffeomorphic Metric Mapping
Deformation = flow of smooth vectors field.

> Flow : let v = vt tego ,1] € V be a time dependant vectors field of

R3. Let ¢ : —R3:
o) = v(du() €[0,1] and z € R?
¢po(x) =2
The space V should contain smooth vectors fields vanishing at
infinity.

» Group action : Let L2 = L%([0,1],V). Forall v € L2, ¢¥(-) is a
C'-difféomorphism of R3. The set

Gy ={¢}:R* >R} vel?}
is a group endowed with the distance

1
2(d.0) = (o, = [ [lpdd=vo o0 = o)
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2 Metamorphosis of fshapes: Generating Fshapes metamorphoses

RKHS of vectors fields

» Space of vectors fields V' : RKHS of vectors fields (smooth,
vanishing at infinity). There exists a kernel Ky : R3 x R? — R3*3
such that

Span{é® = Ky (z,)a,r € R* a € R®}

is dense in V. In practice :

_lz—yl?

Ky(z,y)=e v Id,.

o \
ay Qs
P Ty o

8/19



2 Metamorphosis of fshapes: Generating Fshapes metamorphoses

RKHS of vectors fields

» Space of vectors fields V' : RKHS of vectors fields (smooth,
vanishing at infinity). There exists a kernel Ky : R3 x R? — R3*3
such that

Span{é® = Ky (z,)a,r € R® a € R®}

is dense in V. In practice :

_l=—yl?

Ky(z,y)=e °V Id,.

8/19



2 Metamorphosis of fshapes: Generating Fshapes metamorphoses

RKHS of vectors fields

» Space of vectors fields V' : RKHS of vectors fields (smooth,
vanishing at infinity). There exists a kernel Ky : R3 x R? — R3*3
such that

Span{é® = Ky (z,)a,r € R® a € R®}

is dense in V. In practice :

_llz—yi?
_ -
Ky(z,y)=e °v Id,.
,,,,,, v %l ;
£ gen S
E2e = st
SO 3 X ¥ g
5 321+ 0 591 4592 + 6
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2 Metamorphosis of fshapes: Generating Fshapes metamorphoses

Functional deformations

» Functional deformations : For a given fshape (X, f) € F, we
consider evolutions of signal functions given by

fo=f+ (e LX)

for h € L?([0,1], L*(X)) and ¢/'(z) = [ hy(x)ds.
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2 Metamorphosis of fshapes: Generating Fshapes metamorphoses

Fshape metamorphoses
L*(Xo)

L*(Xy)

= (fo+ ) o (e)) !

f0+C{l

10/19



2 Metamorphosis of fshapes: Riemannian framework

Fshape metamorphoses and metrics

» We define the energy of a transformation path (v, h) by :

1 1
Bty =% [+ % [ [ o @) P@ant@)

where X; = ¢}(X) and v, v > 0.

» Find minimum energy transformation path:

11/19



2 Metamorphosis of fshapes: Riemannian framework

Fshape metamorphoses and metrics

» We define the energy of a transformation path (v, h) by :

1 1
Bty =% [+ % [ [ o @) P@ant@)

where X; = ¢}(X) and v, v > 0.

» Find minimum energy transformation path:

11/19



2 Metamorphosis of fshapes: Riemannian framework

Fshape metamorphoses and metrics

» We define the energy of a transformation path (v, h) by :

1 1
Bty =% [+ % [ [ o @) P@ant@)

where X; = ¢}(X) and v, v > 0.

» Find minimum energy transformation path:

11/19



2 Metamorphosis of fshapes: Riemannian framework

Fshape metamorphoses and metrics

» We define the energy of a transformation path (v, h) by :

1 1
Bty =% [+ % [ [ o @) P@ant@)

where X; = ¢}(X) and v, v > 0.

» Find minimum energy transformation path:

11/19



2 Metamorphosis of fshapes: Riemannian framework

Fshape metamorphoses and metrics

» We define the energy of a transformation path (v, h) by :

1 1
Bty =% [+ % [ [ o @) P@ant@)

where X; = ¢}(X) and v, v > 0.

» Find minimum energy transformation path:

11/19



2 Metamorphosis of fshapes: Riemannian framework

Fshape metamorphoses and metrics

» We define the energy of a transformation path (v, h) by :

1 1
Bty =% [+ % [ [ o @) P@ant@)

where X; = ¢}(X) and v, v > 0.

» Find minimum energy transformation path:

11/19



2 Metamorphosis of fshapes: Riemannian framework

Fshape metamorphoses and metrics

» We define the energy of a transformation path (v, h) by :

1 1
Bty =% [+ % [ [ o @) P@ant@)

where X; = ¢}(X) and v, v > 0.

» Find minimum energy transformation path:

11/19



2 Metamorphosis of fshapes: Riemannian framework

Fshape metamorphoses and metrics

» We define the energy of a transformation path (v, h) by :

1 1
Bty =% [+ % [ [ o @) P@ant@)

where X; = ¢}(X) and v, v > 0.

» Find minimum energy transformation path:

11/19



2 Metamorphosis of fshapes: Riemannian framework

Fshape metamorphoses and metrics

» We define the energy of a transformation path (v, h) by :

1 1
Bty =% [+ % [ [ o @) P@ant@)

where X; = ¢}(X) and v, v > 0.

» Find minimum energy transformation path:

11/19



2 Metamorphosis of fshapes: Riemannian framework

Fshape metamorphoses and metrics

» We define the energy of a transformation path (v, h) by :

1 1
Bty =% [+ % [ [ o @) P@ant@)

where X; = ¢}(X) and v, v > 0.

» Find minimum energy transformation path:

11/19



2 Metamorphosis of fshapes: Riemannian framework

Fshape metamorphoses and metrics

» We define the energy of a transformation path (v, h) by :

1 1
Bty =% [+ % [ [ o @) P@ant@)

where X; = ¢}(X) and v, v > 0.

» Find minimum energy transformation path:

11/19



2 Metamorphosis of fshapes: Riemannian framework

Fshape metamorphoses and metrics

» We define the energy of a transformation path (v, h) by :

1 1
Bty =% [+ % [ [ o @) P@ant@)

where X; = ¢}(X) and v, v > 0.

» Find minimum energy transformation path:

11/19



2 Metamorphosis of fshapes: Riemannian framework

Fshape metamorphoses and metrics

» We define the energy of a transformation path (v, h) by :

1 1
Bty =% [+ % [ [ o @) P@ant@)

where X; = ¢}(X) and v, v > 0.

» Find minimum energy transformation path:

11/19



2 Metamorphosis of fshapes: Riemannian framework

Fshape metamorphoses and metrics

» We define the energy of a transformation path (v, h) by :

1 1
Bty =% [+ % [ [ o @) P@ant@)

where X; = ¢}(X) and v, v > 0.

» Find minimum energy transformation path:

11/19



2 Metamorphosis of fshapes: Riemannian framework

Some theoretical results

» Ex(v,h) induces the following Riemannian distance on F :
{df((x, DX ) = it { Bx (v, )} |
with X' = ¢7(X), f' = (f + (') o (é7) 7"

» Existence of geodesics between (X, f) and (X', f’) (both in F).
» Existence of Kircher means of (X¢, f');—1. ., (all in F).

Open question : uniqueness geodesics
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3 fvarifold:

Definition of fvarifold
Definition

A fvarifold on R? is a distribution (or measure) on the space
R? x Go(R?) x R,

where G(R?) is the set of 2-dimensional subspaces of R3
(Grassmannian).
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» A Dirac ¢, 7, sy corresponds to a singular mass located at position

2 € R in the direction of the subspace Vect(77) carrying signal
value f.
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3 fvarifold:

Definition of fvarifold
Definition
A fvarifold on R? is a distribution (or measure) on the space
R? x Go(R?) x R,

where G(R?) is the set of 2-dimensional subspaces of R3
(Grassmannian).

» A Dirac ¢, 7, sy corresponds to a singular mass located at position
z R in the direction of the subspace Vect(77) carrying signal
value f-

» To any non-oriented fshape (X, f) corresponds the fvarifold 11(x )
defined for all w € C§ (7 x G2(R?) x R) :

noen (@) = [ TX @) ar o (Zn , f>) (@)
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3 fvarifold:

Kernel based metrics

RKHS: Let W be the RKHS dense in C (27 x G2(R?) x R) generated
by a product kernel /. ® k; ® kg : (27 x Go(R?) x R)? — R induces
a Hilbert space structure on the set of fshapes that writes:

(B, ) 1(y,g) )W
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by a product kernel /. ® k; ® kg : (R7 x Go(R?) x R)? — R induces
a Hilbert space structure on the set of fshapes that writes:

</J’(X,f)v M(Y,g)>W/
= /X v /“f("‘- !/)kt (Tva Tyy)ks (f(x)a g(y))d’HZ (:E)d’}-ﬂ (y)
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3 fvarifold:

Kernel based metrics

RKHS: Let W be the RKHS dense in C3 (127 x G5(R?) x R) generated
by a product kernel /. ® k; ® ks : (R7 x Go(R?) x R)? — R induces
a Hilbert space structure on the set of fshapes that writes:
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= e 79 e 9t e %5
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o Py
vi—Y )

B ulT 2 (@ m?) ~ (fi—gj
~SOS e
J

i
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3 fvarifold:

Kernel based metrics

RKHS: Let W be the RKHS dense in C3 (127 x G5(R?) x R) generated
by a product kernel /. ® k; ® ks : (R7 x Go(R?) x R)? — R induces
a Hilbert space structure on the set of fshapes that writes:

(x5 Bev.g))we

vl L2 (R (2), T (y)?) — L@ =s@)?
/ . 2 e atz(l (71 (x),mi(y)) )6 = dHQ(x)dHQ(y)
X XY

|2 N2
A B ()t i)
o P

~ E E ('7 og 5
(]

Distance: |[|1u(x, )~ ti(v.g) I = {1ex.ry )y (B OYg) s (Yig) )y —
2 (l(x,1)s 1(Y,0) )y -

14/19



3 fvarifold:

Discrete approximation

X
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3 fvarifold:

Discrete approximation
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3 fvarifold:

Discrete approximation

ke ® ks((y7mag)7 )

r1ir2 <ke ® kt ® ks((xaﬁaf)’ ')’ke @kt @ ks((y’mhq)’ )>
= 7"1’/'2k'e ® kt ® ks((myﬁ7 f)7 (y’ m’g))
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3 fvarifold:

Convergence of fvarifolds

Isc of varifold norm
If f,, = f a.e. on X then

e pyllw = T [|p( X fo)llw -
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3 fvarifold:

Convergence of fvarifolds

Isc of varifold norm
If f,, = f a.e. on X then

e pyllw = T [|p( X fo)llw -

Remark: not true for weak cv in L?(X): eg. X = [0,1] and f,(-) =
cos(2mn-) —= 0

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
0.16
o= 014
< 012
x Ey
o1 -
B0 T s 10
n
(X.0) 2
”N(X,fn) (%
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4 Fshapes atlases: Definition and existence

Hyper Template

Mean = argmin ...

— (X%, 1)
Y

(Xt

(x4, f“)“\--{‘

(X2, 1%)

Space of solutions : Restrict the optimization to an 'orbit’ of a certain
hypertemplate fshape (X A7 fHT)
= Optimization wrt (v°, %) € L2([0,1],Vp) x L2([0,1], XHT).
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4 Fshapes atlases: Definition and existence

Atlas Estimation

Variational formulation:
(US, h27(’uiv hi)z)

= argmin EXHT(vO,hO)—i—Z <Ex(vi7hi)+7Wg((Xi,fi)7(Xiafi))>

(v0,h0),(v?,h?); i=1

where g is the fvarifold squared distance between subject i and (X?, fi) =

(6°',C") - (X, f) and (X, f) = (¢*",¢"") - (XHT, fHT),

Theorem (Existence of solutions)

Assume that W is continuously embedded in C3(E x G4(E) x R). If
Yo, Yv > 0 and vy /yw and ¢ /yw are large enough, then :

» the previous functional achieves its minimum on
0 ~0 (i i
v vC 7(7) 7C )i:l,...,N
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4 Fshapes atlases: Definition and existence

Merci de votre attention.
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