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Introduction

Figure: Positions of all base stations in Paris.
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|-Theoritical model
Framework

B-Ginibre point process

Framework

@ Y a locally compact metric space
o 4 a diffuse and locally finite measure of reference on Y
@ Ny the space of configurations on Y

o Ny the space of finite configurations on Y
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Determinantal point process

@ Correlation function p of a point process ¢:

+00 1
E[) f(a)] =Zk|/ fop(fxa, b )u(da) - pa(dx)
k=o' /Y

aeﬁy
aCP

p(a) = probability of finding a point in at least each point of «

Determinantal point process DPP(C, u):

A\
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[-Ginibre point process (1/2)

@ Ginibre point process with intensity A = 1:
m

Y _2(x|2 2 -

C’y(X,y) = ;e 3 (IxI?+lyl )e"/Xy

@ (-Ginibre point process with intensity A = 7.
77
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B-Ginibre point process (

(c) %-GPP




J-function
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Fitting results and interpretation

J-function (1/2)

@ & a stationary point process

o Empty space function:
F(r)=P(lu—®| <r)
@ Nearest-neighbor distance distribution function:
G(r) =P([lu—-®\{u}]| <r)
@ J-function:

B 1-G(r)

S0
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J-function (2/2)

Interpretation
o J<1 =— O is attractive
e J>1 = o is repulsive
@ J=1 =— & is a Poisson point process

Proposition (Haenggi et al.)

e J-function of a 5-Ginibre point process:

1

J = o
() 1-B+4pe B
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Fitting method
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Figure: Example of data sample for one GSM operator. The J-function is

fitted on the points within the rectangular window.
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Example of J-function fitting
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Figure: Example of J-function fitting for SFR on the 3G 900 MHz band.
A = 1.92 base stations per kilometre square 5 = 0.97. Residuals: 0.74.
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Results per technology and operator

Table: Numerical values of 3 per technology and operator.

Orange SFR Bouygues Free

GSM 900 0.81 0.76 0.65 NA
GSM 1800 0.84 0.5 0.71 NA
UMTS 900 NA 0.97 0.53 0.89
UMTS 2100 1.04 0.65 0.82 0.89
LTE 800 1.02 0.93 0.67 NA
LTE 1800 NA NA 0.75 NA
LTE 2600 0.93 0.67 0.63 0.89
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Results per operator and for the superposition

Table: Numerical values of 3 and \ per operator and for the
superposition of all the sites.

0,17
10,28
547

Orange SFR Bouygues Free Superposition
I3 0,94 0,70 0,81 0,89
A 3,48 3,70 4,23 1,05
Number of sites 185 197 225 56

Aurélien Vasseur Télécom ParisTech

13/22



Papangelou intensity and repulsiveness
Kantorovich-Rubinstein distance
I11-Asymptotic results Applications

Papangelou intensity

e Papangelou intensity c of a point process ®:

E[Y  f(x,®\ {x})] = / Elc(x, ®)f (x, ®)]u(dx)

xeP Y

c(x, &) =~ conditionnal probability of finding a point in x given £

Proposition (Georgii et al.)

Papangelou intensity of DPP(C, u):

_ det(H(xj,x;), 0 <i,j < k)

el Las %) = Gt ), 1 <7, < k)

where H = (I — C)7!C.
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Repulsive point process

@ Point process repulsive if

pC& = c(x¢8) <clx9)

@ Point process weakly repulsive if

c(x,§) < c(x,0)

Proposition (Georgii et al.)

e DPP(C, ) is repulsive.
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Kantorovich-Rubinstein distance

@ Total variation distance:
drv(vi,v2) = sup [ri(A) — v2(A)]
v1(A),v2(A)<oco

e F : Ny — IR is 1-Lipschitz (F € Lipy) if
|F(¢1) — F(2)| < d7v(d1, ¢2) for all ¢1,¢2 € Ny

@ Kantorovich-Rubinstein distance:

dkr(IP1,TP2) = sup ’/N ¢)IP1(do) — /N (¢)P2(d¢)‘

Felip,

e Convergence in K.-R. distance :>I Convergence in law
strictly
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Upper bound theorem

Theorem (LD, AV)

e O a finite point process on Y

@ (yp a PPP with finite control measure M(dy) = m(y)u(dy).

Then, we have:

dkr(Po, Pe,,) < /Y E[|m(y) — c(y, ®)[]u(dy)-
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Superposition of weakly repulsive point processes

© ®,1,...,%,,: nindependent, finite and weakly repulsive
point processes on Y
e ¢, = Z b,
i=1

n
© Ry:= [y | pni(x) — m(x)|u(dx)

i=1
@ (n a PPP with control measure M(dx) = m(x)u(dx)
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Superposition of weakly repulsive point processes

Proposition (LD, AV)

n

@ (y a PPP with control measure M(dx) = m(x)u(dx)

k(P Poy) < Rt max [ pnil)u(d)
Y

1<i<n
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[B-Ginibre point processes

Proposition (LD, AV)

@ &, the 5,-Ginibre process reduced to a compact set A
@ ( the PPP with intensity 1/m on A

2 B

dkr(IPo , IP;) <
kR(IPo,, C)_wl—ﬁ,,

Al
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Thank you ...

... for your attention. Questions?
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